A note on embedding graphs without short cycles  by Görlich, Agnieszka et al.
Discrete Mathematics 286 (2004) 75–77
www.elsevier.com/locate/disc
A note on embedding graphs without short cycles
Agnieszka G'orlich, Monika Pil*sniak, Mariusz Wo*zniak, Irmina A. Zio lo
Department of Discrete Mathematics, Faculty of Applied Mathematics, AGH, al. Mickiewicza 30, 30-059 Krak#ow, Poland
Received 8 November 2001; received in revised form 10 October 2002; accepted 7 November 2003
Available online 6 July 2004
Abstract
Let k¿ 3 be an integer. Denote by Tk the following statement:
If a graph G is a non-star graph without cycles of length 6 k then G is a subgraph of its complement.
It has been conjectured by Faudree, Rousseau, Schelp and Schuster that T4 holds. As far as we know the best general
result is in the paper of Brandt who proved that T6 holds.
In this paper we give an another, relatively short proof of Brandt’s result.
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1. Introduction
We shall use standard graph theory notation. Let G be a Bnite, loopless, undirected graph without multiple edges of
order n with vertex set V = V (G) and edge set E = E(G). An embedding of graph G (into its complement EG) is a
permutation  on V (G) such that if any edge xy belongs to E, then (x)(y) does not belong to E (so G is a subgraph
of its complement EG). A (xed-point-free embedding of graph G (FPF embedding) is an embedding without any Bxed
points. The complete bipartite graph K1; n−1 is called a star. The following result was proved in [2].
Theorem 1. Let G be a graph of order |V (G)|= n. If |E(G)|6 n− 2 then G is embeddable.
To illustrate that the size condition of this theorem could not be weakened let us consider a star or a cycle of length
three or four with an additional isolated vertex. In [3] the authors remarked that all non-embeddable graphs with n vertices
and no more than n edges are either stars or contain K3 or C4 as subgraphs and made the following conjecture:
Conjecture 2. Every non-star graph without cycles of length 6 4 is a subgraph of its complement.
This conjecture was proved in [3] with the additional assumption that the number of edges of the graph is at most
6
5 n− 2. It is obvious that if G is graph of order n satisfying an order condition of Theorem 1, then G satisBes this order
condition, too. Denote by Tk the following statement:
If a graph G is a non-star graph without cycles of length 6 k then G is a subgraph of its complement.
Therefore, the above conjecture is equivalent to T4. Wo*zniak proved in [4] that T7 holds and next Brandt in [1] proved
T6. In the following section we use some diJerent ideas than that used in the papers cited above to get the following
theorem being a slightly improvement of Brandt’s result:
Theorem 3. If a graph G is a non-star graph without cycles of length 6 6 and of order n¿ 4 then G is FPF embeddable.
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Before starting the proof of the main theorem we need some preliminary lemmas.
Lemma 4. If a graph H obtained from a graph G by removing a pendent vertex is FPF embeddable then G is FPF
embeddable.
Proof. Let xy be an edge of G such that d(x) = 1 and let G′ =G\{x}. Denote by ′ a FPF embedding of G′. So, if the
edge ′−1(y)y does not belong to E (′−1(y)y belongs to E and thus y′(y) does not belong to E) then it is easy to
see that the permutation  :V → V deBned as follows: (y) = x, (x) = ′(y) ((′−1(y)) = x, (x) = y, respectively)
and (v) = ′(v) for remaining vertices of G is a FPF embedding of G.
Lemma 5. Suppose that a graph G contains two vertices x, y of degree two such that xy∈E(G) and x′y′ 	∈ E(G) where
x′ and y′ are the other neighbors of vertices x; y, respectively. If the graph H := G\{x; y; x′; y′} is FPF embeddable
then G is FPF embeddable.
Proof. Denote by ′ a FPF embedding of H . It is easy to see that the permutation  :V (G) → V (G) deBned by (x)=x′,
(x′) = y, (y) = y′, (y′) = x and (v) = ′(v) for remaining vertices in G is an FPF embedding of graph G.
2. Proof of Theorem 3
From this moment we assume that G is a counterexample of Theorem 3 with minimal order n¿ 4. Let  = (G) be
the maximal degree of G and let  = (G) be the minimal degree of G.
It is easy to see that for n less than 11 a graph satisfying the assumptions of Theorem 3 is either a non-star tree or a
unicyclic graph. The fact that such graphs are FPF embeddable was proved in [5]. This also can easily be shown directly.
By Lemma 4 we only need to consider the case ¿ 2. We may also assume that the graph G is connected since
otherwise we could add some additional edges joining the components of G (without creating any small cycles).
Let x be a vertex of G such that d(x) = . By minimality of n, the graph G′ := G\{x} is FPF embeddable. Let
′ :V (G′) → V (G′) be a FPF embedding of G′. Let Y be the set of neighbors of x in G and put Y := {y1; : : : ; y}. We
deBne additionally two sets: Y+ = {′(y) : y∈ Y} and Y− = {′−1(y) : y∈ Y}. Let u be a vertex of G′. Let us consider
now the permutation  :V (G) → V (G) deBned as follows: (u) = x, (x) = ′(u) and (v) = ′(v) for other vertices of
G′. Since  is not an embedding, then either there exists an edge of the form e = yu for some y∈ Y− or there exists an
edge of the form e = y(u) for some y∈ Y+. In each case we say that e is a block for the vertex u.
Observe that one edge with the end-vertex belonging to the set Y+ ∩ Y− can be a block for two vertices. Of course,
since G is not embeddable, then the total number of blocks cannot be less than the number of vertices in G′. So we have
the following inequality:
n− 16
∑
y∈Y+
d(y) +
∑
y∈Y−
d(y)6 2:
Finally, we get
(∗) n− 16 2.
Remark. Observe that the equality in (∗) holds only in the case where all vertices in Y+∪Y− are of maximum degree .
Let now w0 be a vertex of G such that d(w0) =. Thus w0 has  neighbors and, since G contains no cycles of length
less than seven, at least ( − 1) vertices at distance two. For the same reason there are at least ( − 1)2 vertices at
distance three from w0. This implies, in particular, that
n¿ 1 +  + (− 1) + (− 1)2:
Hence
n− 1¿  + (− 1)2:
Therefore, for ¿ 3, (− 1)2 ¿ and we get
n− 1¿ 2
which is a contradiction with (∗).
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Let us consider now the case  = 2. Then (∗) becomes
(∗∗) n− 16 4.
Denote by wi the neighbors of w0 and by Wi the sets of vertices of G at distance one, two or three from w0 and such
that the shortest path joining them with w0 goes through wi, i = 1; 2; : : : ; . These sets are pairwise disjoint. Since, by
Lemma 5 two adjacent vertices of G cannot be of degree two, it is easy to see that each set Wi has at least four vertices.
So, if at least one of them has more than four vertices we get a contradiction with (∗∗). Thus for each vertex w0 of
maximum degree all sets Wi have exactly four vertices hence all neighbors of w0 have degree two and all vertices at the
distance two from w0 have degree three. By the remark above applied to the neighbors of w0 we get  = 3 and hence
all the vertices at distance three from w0 have degree = 2 again. But each vertex at distance three from w0 has another
neighbor of degree three which cannot belong to W1 ∪W2 ∪W3. So n¿ 4+ 2, the Bnal contradiction, which completes
the proof of Theorem 3.
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